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: Abstract 

The main result of the paper shows that, for 1 < p < oo and 1 < q < oo, a hnear 
operator T: ip ^ iq attains its norm if, and only if, there exists a not weakly null 
maximizing sequence for T (counterexamples can be easily constructed when p = 1). 
I For 1 < p ^ q < oo, as a consequence of the previous result we show that any not 

pLn ■ weakly null maximizing sequence for a norm attaining operator T : £p ^ £g has a 

r~| , norm-convergent subsequence (and this result is sharp in the sense that it is not valid 

"j^ I if p = q). We also investigate lineability of the sets of norm-attaining and non-norm 

attaining operators. 



^ ■ 1 Introduction 

Let E and F be two Banach spaces. We denote by C{E, F) the space of all bounded linear 
O ' operators from E into F. A linear operator T: E ^ F is said to attain its norm if there 
■ exists a. V E E, \\v\\e = 1, such that 

O 

O : \\Tiv)\\F = \\T\\c{E,F) ■■= sup \\T{e)\\F, 

^ ! where denotes the unit sphere of E, i.e., E^e = {e E E : \\e\\E = !}• We will denote by 
^ I AfA{E, F) the subset of all norm attaining bounded linear operators from E into F. 

The question whether a given linear operator attains its norm is doubtless one of the most 
important lines of investigation from the applied functional analysis point of view. Often, 
the solvability of certain (continuous or discrete) differential equations is intrinsically related 
to the norm attaining property of a determined linear operator acting between appropriate 
Banach spaces. 

When the target space is the real line, i.e., F = M, a deep and, by now, well known result 
due to James, see [9], asserts that AfA{E, M) = C{E, M) if and only if E is reflexive. Another 
classical result in this theory, Bishop-Phelps' Theorem, [6], states that JVA{E,'R) is always 
norm-dense in C{E,'R). 

The question whether J\fA{E, F) is dense in C{E, F) for an arbitrary Banach space F 
becomes much more involved. A remarkable result due to Lindenstrauss assures that if F is 
reflexive then indeed MA{E, F) is dense in C{E, F). This result was further generalized by 
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Bourgain in [7], who showed that the Radon-Nikodym property on F suffices for J\fA{E^ F) 
to be dense in C{E, F). On the converse, Gowers in [8] showed there exists a Banach space 
C, such that AC4(^p, is not dense in £), for 1 < p < oo. The case p = 1 was settled 
by Acosta in [1]. 

The ffist goal of this note is to provide a simple yet useful characterization of norm 
attaining operators acting on Ip type spaces. Hereafter T will always denote a bounded 
linear operator from Ip into iq. For a not weakly null maximizing sequence for T we mean 
a sequence G £p, with, H'w'^llfp = 1, \\T\\ and does not converge weakly to 

zero. 

Initially, let us recall that Pitt's Theorem, [13], states that any bounded linear operator 
T: £p — > with 1 < q < p is compact. Therefore, AfA{ip]iq) = C{ip]iq) provided that 
q < p. On the other hand, for 1 < p < g < cxd it is well-known that AfA{£p] ig) ^ Ci^Cp, ig) 
(see [lOl Proposition 4.2]). Yet in the lights of Pitt's Theorem, for p > g, if T 7^ and 
{x^)'^^i is a maximizing sequence for T, then is not weakly null. Clearly this result 

is no longer valid for p < q (the inclusion provides an example). Our ffist and main result 
shows that when p < q, the existence of a not weakly null maximizing sequence for T occurs 
precisely when T is norm attaining. 

Theorem 1. Let 1 < p < 00, 1 < q < 00 and T: ip ^ ig be a bounded linear operator. 
Then T attains its norm if, and only if, there exists a not weakly null maximizing sequence 
for T. 

Theorem [1] is sharp in the sense that it is no longer true for p = 1. In fact, if 1 < p < 
q < 00 the operator T G C{ip; £g) given by 



T{x) 



nXr 



does not attain its norm. The canonical basis {ej)JLi is a maximizing sequence for T which 
is not weakly null when p = 1. The authors thank R. Aron for this observation. 

The strategy for proving Theorem [T] relies on an asymptotic analysis involving weak 
convergence in £p-type spaces. From the proof of Theorem [T], as long as p 7^ g, we can 
actually infer pre-compactness of any not weakly null maximizing sequence for a linear 
operator T G C{ip\ Ig). This is the content of our next result. 

Theorem 2. Let T : ip ig be a not identically zero norm attaining operator and 1 < p < 
00, 1 < g < 00, p ^ q. Then any not weakly null maximizing sequence for T has a norm 
convergent subsequence. 

Initially, let us point out that Theorem [2] is sharp in the sense it does not hold true if 
p = q. Indeed, the sequence 

u := —=, 0, 0, ■ • ■ , —;=, 0, ■ ■ ■ = —;=ei H ^Cn 

is a not weakly null maximizing sequence for the identity map. Id: ip ^ ip, but has no norm 
convergent subsequence. 
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Theorem [T] is particulary useful in discrete problems involving some sort of symmetry 
or special invariances. For instance, in practical applications, one is often able to find a 
hyperplane U := {f{x) < e} with e > such that ||r(0||^, < ||T||, for all ^ G Hn^i. Thus a 
maximizing sequence can be found within Bi fl {/(x) > e}. In particular such a maximizing 
sequence is not weakly null. 

The simplest norm-invariant operation for sequences is permutation. In the sequel, we 
state a definition and afterwards a consequence of Theorem [T] related to permutation of 
sequences. 

Definition 3. Given a real sequence a = {ttj}"^]^ G Cq, the non-increasing permutation of 
a, denoted as a{a) = is given by 

f3i :=max{|aj|}, /^a := max {{\aj\} \ , ■ ■ ■ (3k := max {{\aj\} \ {/3u 132, ■■ ■ , 

where = if ({|aj|} \ ^2, - ■ ■ , Pk-i}) = 0. A linear operator T : £p ^ ig is said to be 
monotone with respect to non-increasing permutation if ||T(cr(x))||^g > ||T(a:)||^g for every 

X ^ • 

A typical, but not the only, way of verifying that a given operator T is monotone with 
respect to non-increasing permutation is by checking that 

(Tei, ej) > (Tea, €,)>■■■> (Te^, e,) > ■ ■ ■ > 0, Vj = 1, 2, ■ • • 

Concerning monotone with respect to non-increasing permutation operators, we have the 
following general result. 

Theorem 4. Let 1 < p < oo, 1 < g < oo and T : ip ^ ig be monotone with respect to 
non-increasing permutation. Assume for some e > 0, T ^ continuously. Then T 
attains its norm. 

As another simple yet interesting application of Theorem [1] (and Bessafa-Pelczyhski se- 
lection principle) we obtain, up to subsequences, a structural behavior of any maximizing 
sequence for an operator T G C{ip] ig) \ AfA{ip; ig). We recall that if {cj} and {fi} are two 
basic sequences in Banach spaces, then we say {cj} is equivalent to {fi} if for any sequence 
of scalars {Aj}, ^ AjCj converges if and only if ^ Aj/j converges. 

i i 

Proposition 5. Let 1 < p < oo, 1 < g < oo and T : ip ^ ig be a bounded linear operator. 
Assume T does not attain its norm. Then, any maximizing sequence m" for T has a sub- 
sequence, u"''' , such that u^*' is isometrically equivalent to the canonical basis of ip, whose 
image is equivalent to the canonical basis of ig. 

In a parallel direction, we also carry out the investigation of lineability properties related 
to the sets J\fA{X; ig) as well as C{X; ig) \AfA{X; ig). Recall that in an infinite-dimensional 
vector space X, aset A <Z X is said to be lineable if AU {0} contains an infinite-dimensional 
subspace. The term "lineable" seems to have been coined by V. Gurariy and has been 
broadly explored in different contexts (see, for example and references therein). 
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Let X and Y be Banach spaces. For a fixed vector xo G Sx, let us denote AC4^''(X; F) 
the set of all linear operators in C{X; Y) that attain their norms at Xq, that is, 

Aa""(X;F) := {TeN'A{X;Y) : \\Txo\\y = \\T\\ciX;Y)} ■ 

The linear structure of the sets AfA{X; K) and C{X; K) \ A/14(X; K) was subject of several 
recent works (see, e.g., [HIS] and references therein) and, of course, the geometry of X plays 
a decisive role in this study. If we replace IK by an infinite-dimensional Banach space Y, as 
it will be shown, it seems that the geometry of Y will be decisive, rather than the particular 
properties of X. We believe that the study is lineability properties related to AfA{X;Y), 
where F is a hereditarily indecomposable space may be an interesting subject for further 
investigation. 

It is worth mentioning that the presence of an infinite-dimensional Banach space Y in 
the place of the scalar field K allows to investigate the lineability of sets of norm-attaining 
operators at a fixed point xq. 

In general, AC4^°(X;y) is a quite more restrictive subset oi J\fA{X]Y). Nevertheless 
we have managed to show that if Y contains an isometric copy of ig, then J\fA^°{X; Y) is 
lineable in C{X; Y). In particular AC4^°(£p; iq) is lineable in C{£p; iq). This is the content of 
our next result. 

Proposition 6. Let X and Y be Banach spaces so that Y contains an isometric copy of iq 
for some 1 < g < oo, and let xo G E>x- Then J\fA^°{X; Y) is lineable in C{X; Y). 

An adaptation of the argument used to prove Proposition O allows us to conclude that 
jC.{ip; iq) \ AfA{ip; iq) is also lineable in C{ip; iq) when 1 < p < g < oo. In fact we prove a 
more general result: 

Proposition 7. Let X and Y be Banach spaces so that Y contains an isometric copy of 
iq for some 1 < q < oo. IfC{X;iq) ^ AfAiX-Jq), then C{X;Y) \M{X;Y) is Imeable in 
C{X-Y). 

Corollary 8. Ifl<p<q<oo then C{ip] iq) \ MA{ip] iq) is lineable in C{lp] iq). 

The arguments used throughout the article are fairly clear and simple in nature. We do 
believe they provide insights for further generalizations to more abstract settings. 

2 Characterization of operators in J\fA{lp] iq) 

Proof of Theorem [H Clearly, if T attains its norm, there exists a not weakly null maxi- 
mizing sequence for T. We shall just address the converse. As mentioned in the introduction, 
when p > q, any bounded linear operator attains its norm. The really interesting situation 
for us is therefore when 1 < p < q. From now on 61,62, ... will denote the canonical unit 
vectors of the sequence spaces. 
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Let be a not weakly null maximizing sequence for T. Passing to a subsequence if 
necessary, we may assume, 

^ M ^ 0, 

where the symbol ^ stands for the weak convergence in Ip. Our first observation is that 
there exists a subsequence (u") of (m") so that 



(|(TK),e,)-(TH,e,)ri);:^-0 



(2) 



in ^-2_- Indeed, since (|(T(u"),ej) — (T(n),ej)|'^ ^ bounded sequence in ^-3-, there 

is a subsequence (f ") of (m") so that 

for some / G Since w" — ^ n we have that T^v"^) T{u); so, for each i = 1, 2, ■ ■ ■ 

(TK),e,)-(T(n),e,)^0, 

thus / must be the null vector. 

Let r > 1 be a real number and let us consider the auxiliary function M \ {1} ^ M 
given by 





X 


r 


X - 


- 1 


r _ I 




X 


- 1 


r— 


1 



It is simple to verify that 



lim (fiiX) = r. 

\X\^oo 



Hence, given e > 0, we can find a constant such that 



ixr- IX- ir- 1 



<a\x-i 



whenever |X — 11 > e. On the other hand if |X — 11 < e, we have 



ixr - IX - 11 



< + he) 



where 



6{e) := sup I |t|^' — 1 

l*-l|<e 



Adding up the above two inequalities we obtain 



ixr- IX- II 



< Ce\X + 5(6 



(3) 



for every X G M, where 5 is a modulus of continuity. 
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The idea now is to apply estimate ([3]) to each coordinate of T(t>") in Iq. More precisely, 
we apply inequality ([3]) to r = g and 



(T(t;-),e, 



(T(n),e,) ' 

whenever {T{u), Ci) is nonzero. In any case, when we sum these inequalities up, we obtain 



i=l 



m\nu% 



(4) 



where 

oo 

A. = ^ |(TH,e,)| ■ |(TK),e,) - (T(n),e,)r-^ 

i=l 

Since T{u) E £q = [i* _£_]*, we have 

A„ = (T(n), (|(TK),e,) - (T^, e,) 1"-^)-^) 
and using ([2]) it follows that 

lim An = (T(m),0) = 0. 

n— >oo 

Letting n — oo in (jlj) we get, for every e > 0, 



(5) 



hmsup 5^(KTK),e.)r- |(TK),e.) - (T^, e.) ^ - | (T^, e.) ^ 

n— >oo I . -I 
1=1 

<S{e)\\nu)\\l, 

Making e \ we conclude that the lim sup is in fact the limit and is equal to zero: 



lim |5^(|(TK),e.)r- KrK),e,,) - {T{u), e,)]" - \{T{u), e,)^ 

n— ><xi I ' ' 

In particular. 



i=l 



0. 



wnvnwi = {\\Tu\\i + ||TK - u)\\i + o(i)), 



(6) 



where o(l) ^ as n ^ oo. 

A similar computation, using r = p on inequality ([3]) and applying it on the points 



{u,ei) 



can be performed, as long as {u, Cj) is nonzero. Reasoning as before, we reach 



1 - \\uK +o(l 



(7) 



for some subsequence (w") of (v^)- Combining ([6]) and (^^) with the well known inequality 
for a, P > and < ^ < 1, we can write 

< \\nu)\\l + \\T{w--u)\\l+o{l) 

< \\T{uW, + \\T\\P . \\w^ - uf, +o(l) 

< \\nu)\\i + \\Tr-[i-\\u\\i+o{i)]+oii). 

Letting n ^ oo, we finally obtain 

\\T{u)\\i^ > \\T\\ ■ \\u\\e^, 
which finishes the proof of Theorem [H □ 



3 A disguise of Theorem Ws^ Pre-compactness of maxi- 
mizing sequences 

Proof of Theorem [2l Let T: ip ^ £q, with T 7^ be a norm attaining operator and a 
maximizing sequence on S^^ that does not converge weakly to zero. Up to a subsequence, x" 
converges weakly to a point Xq. By uniform convexity of £p (or if you prefer, equation ([7])) 
it suffices to show xq G S^^. 

When p > q, our thesis is a consequence of Pitt's Theorem. Indeed, since T is a compact 
operator, T(x") converges strongly to T(xo) in ig. 

Since x" ^ xq it follows that T(x") T{xo) and ||xo|| < 1. But ||T(a;")||£g — > ||T||; so 
we conclude that 

\\T\\ = \\Tixo)\\e, 

and hence ||xo||^p = 1. 

When p < q, we argue as follows: we may assume xq ^ 0. As before, we have to verify 
that Xq G Reasoning as in the proof of Theorem [1] (see ([8])), we can write 

||T(x")||;; < ||T(xo)||^, + lirr (1 - \\xo\\lY\o{l). (9) 

Since ||T(x")||^g = ||T|| + o(l) and (from the proof of Theorem [1]) ||T(xo)||£q = ||T|| ■ ||xo||£p, 
equation ([9]) leads to 

l<||xo||t+fl-||xo||0'^'- (10) 



Finally, since q/p > 1, equation ffTOj) implies 1 — \\xo\\^ = 0; otherwise the strict inequality 
would hold 

1 q/p / \ q/p 

koll^^ + (1 - Ikoll?^)] > \\xo\\l + (I - Wxofe^j ■ 

which drives us to a contradiction. □ 
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4 Two Applications of Theorem [T] 



Proof of Theorem [4l Let T : ip ^ iq he monotone with respect to non-increasing permu- 
tation and consider a maximizing sequence for T. We may and wiU assume T is not the 
zero operator. Since ||T((t(x"))||^, > ||T(x")||^,, and = = 1, := is 

too a maximizing sequence for T. In view of Theorem [T] it suffices to verify is not weakly 
nuU. For that we argue as follows: suppose, for sake of contradiction, that does converge 
weakly to zero. Since y"' is in non-increasing order, it would imply = as n — >■ oo, 

and therefore 

Ibllw < \m\t ■ bit = as n oo. (11) 
By continuity, (fTTl) would lead us to 



|T|| = lim \\Ty' 



0, 



which is a contradiction to our earlier assumption, T ^ 0. □ 

Eg does not attain its norm. From Theorem [H 



Proof of Proposition [5l Assume T: ip 
for any maximizing sequence m", one has 



u 



in 



Therefore, because of Bessaga-Pelczyhski selection principle, see, e.g., [12], there exists a 
infinite subset of the natural numbers, Ni C N, such that {M"}„gp^j is a basic sequence 
equivalent to a block basic sequence of the canonical basis of ip. But now it is simple to 
show that actually 



{^"}„eNi equivalent to the canonical basis of 



Furthermore, span is isometric to ip. Indeed, because 



u" 



equivalent to a block basic sequence of {cj}, we can find scalars % such that 



1 and is 



ri+i 



U 



TfcCfc, Vi e Ni, 



k=ri+l 



with 



Now, 



k=r,,+l 



M 
i=l 



1, Vz G Ni. 



i=l k=ri+l 

i=l k=ri+l 
M 

E '^i^, 
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Now, as long as T ^ 0, the sequence {T{u'^)}j,^^^_^ is weakly null but 

||rK)||,-.||T||^o. 

Thus, applying the same argument as before to the sequence {T{u^)}^^j^_^, we find a N2 C Ni, 
such that the sequence 

{T(M"')}^gj^^ is equivalent to the canonical basis of iq 

and the proof of the Corollary is complete. □ 

5 Lineability of the set of norm attaining operators at 
a fixed point 

Proof of Proposition [6l Our first observation is that it suffices to prove Proposition [6] for 
Y = iq. Using Hahn-Banach Theorem it is not difficult to show that A/14^°(X; iq) ^ {0}. 

Hereafter we fix a nonzero element u G A/S4^"(X; We can write the set of positive 
integers N as 

00 

N=|jAfc, 

k=l 

where each 

A, := {af ) < < ...} (12) 

has the same cardinality as N and the sets Ak are pairwise disjoint. For each positive integer 
k, we define 

£f ■.= {xeiq:x, = Oiij^Ak}. 
In the sequel, for each k fixed, let Uk : X ^ i^q^ be given by 

Finally, for k fixed, let Vk '■ X ^ iq he given by 

Vk = ik° Uk, 

(k) 

where ik '■ iq ^ iq is the canonical inclusion. Note that 

for every positive integer k and x G X. Thus, each Vk attains its norm at xq. From the fact 
that the operators Vk have disjoint supports it is easy to verify that 

{vi,V2, ...} 
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is a linearly independent set. It just remains to verify that any operator in 

span{wi,W2, •••} 

attains its norm at xo- For notation convenience, we will show that avi + bv2 attains its norm 
at xq for any choice of scalar s a, b. We compute 



\avi + bv2\\'^ = sup \\avi{x) + bv2{x)\\'^ 

\\x\\<l 

= sup \a{vi{x))k\'' + \b{v2{x)) 



k\ 



= sup |ar^|(t;i(x)).r + |6r5^|(t;2(x)) 

11-11^1 k k 

= \a\'^J2\^v,ixo))k\' + \b\'J2\(^^(^o))k\' 

k k 

= \\avi{xo) + bv2{xo)\\'' . 

Thus, indeed avi + bv2 attains its norm at Xq. Equality (*) holds since Vi and V2 have disjoint 
supports. □ 

6 Lineability of sets of non-norm-attaining operators 

Proof of Proposition [T]. We just need to deal with the case Y = ig. Let T : X ^ iq he a. 
non-norm-attaining operator. Again, we write N as 

oo 
k=l 

with the Ak as in (fT2|) . Again, for each positive integer k, let 

4^=) := {xeiq,x,=Oi{j^Ak}. 
For each k, we consider Tk : X ^ iq'''' defined as 

(Tfc(x))^(.) = (T(x))^., \fj,keN. 

For every k, let Vk : X ^ iq given by 

Vk = ik° Tk, 

(k) 

where ik : iq ^ iq is the canonical inclusion. So, as in the previous proof, each Vk does not 
attain its norm and 

{V1,V2, ■■■} 
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is a linearly independent set. It remains to be shown that any operator in 

STpsiia{vi,V2, ...} 

does not attain their norms. Again, for notation convenience, let us restrict our computation 
to avi + bv2, for any choice of scalars a,b (of course, at least one of them is chosen to be 
different from zero). To show that avi + bv2 does not attain its norm we argue as follows: 

\\avi + bv2\\'^ = sup ||afi(x) + bv2{x)\\'^ 

\\x\\<l 

= sup \a{vi{x))k\'^ + \b{v2{x))k\ 

< \a\' \\vif + \b\' ^211" . 
On the other hand, for every natural number n and e = ^ we can find x„ G Sx so that 

ll^'jla^n)!! > ll^^jll j = 1,2 

and hence 

\\{av, + bv2){x^)r = i«r wviMr + k \\v2Mr 

>\a\'^{\\v,\\-ey+\b\''i\\v2\\-ey. 

So we conclude that 

\\avi + 6f2||^ = |a|'' + ||t;2||'^ . 
Besides, if ^ = 1, since Vi and V2 do not attain their norms, we get 

Wiav, + k;2)(x)r = \a\' \\viix)f + IK'2(x)r 

< krii^iir+i^r 11^211" 

= ||af 1 + bv2\\'^ ■ 

We conclude that avi + bv2 belongs to C{X;iq) \ J\fA{X; iq). The general case is similar. 
The proof of Proposition [7] is completed. □ 
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